1. Introductory remarks. To define a tangent straight line to a set of points of a plane or more generally an Euclidean space, we may use some metric concepts as well as affine ones. And so, a straight line L may he called a tangent to R dem for any smooth real functions y, z and any real numbers a and b. The set of all vectors v tangent to M at p is endowed in a natural manner with the structure of a linear space. This space is called the tangent one to the differential space at the point p.
If M is a subset, of N and N is endowed with the structure of a differential space, then the tangent space to the differential subspace M at the point p determines, in a canonical manner, a linear subspace of the tangent space to N at p. This linear subspace will be called the tangent subspace induced by M at p. A set Lcfi^. may be called 2 tangent to McR at the point p iff the subspace induced by L at p coincides with that induced by II at p, where p is a common point of L and M.
There is a difference in the above concepts of tangency 2 of sets included in R ; however, they are compatible in the OO P range of all curves of the class G lying In R . Below we give an example which shows that the condition (i) need not be fulfilled if the sense of tangency is meant as a tangency 2 of differential subspaces of R .
Example. Let 1=R*|0), M = |(t, y(t)); t el}; where y(t) = 0 for t « 0 exp(-1/t) for t>0.
Put M'= L. It is easy to verify that 11 and M' determine ', i. e. where e^" are elements of T*M such, that f^ £ é^; , i = 1,2.
2. This ends the proof. 2 In this paper we shall investigate the subsets M of R such that dim M = 1. Such subset may be called tangentially 1-dimensional. We shall prove that every tangentially 1-dimensional set is, roughly speaking, a graph of some function having the derivatives of all orders at every point of its domain; the domain of this function is dense in itself. This result will be generalized to the subsets of Cartesian spaces of higher dimensions in another paper of the author. At the end we give a necessary and sufficient condition in order that 2 a subset of the plane R be a 1-dimensional submanifold of R 2 .
2. Directions of a set a point. We shall say that sequences 13) p^j, p 2 , ... and p'^, p' 2 , ... (5) wp(l} = y(±(p) l 1 , we obtain a vector wp(l) of the tangent space Mp. We shall prove the following lemma. 2.1. If directions 1 and 1 of the set M at p, re-2 garded as vectors of the natural linear space, R , are linearly independent then the vectors Wp(l) and w p(*) a^e linearly independent in Mp. In the case when
there exist exactly two directions of M at p. They are of the form 1 and -1. The point p is then a cluster point of the set M. Pro of.. The first part of the lemma is obvious. To prove the second part let us observe that from (6) it follows that if 1 and 1 are any directions of M at pfthen there some reals a and a^ not vanishing simultanously such that a»l = a^'l. This yields lal = | a^l > 0. Then we get 1 = = b»l, where |b| = 1. Hence 1=1 or 1 = -1. To end the Proof. Prom (6), -by Lemma 2.1, it follows that there exist two opposite directions 1 and -1 of M at p. Let us denote by L the straight line L passing through the points p -1 and p + 1. Then peL. Suppose that (7) is not satisfied. Then there exists c>0 and a sequence q Q , n = 1,2,..., of points of M, q Q p, which tends to p and such that
Taking a subsequence of q Q (if it is necessary), we may assume that
In -P 1 = ^ i . Passing to the second part of Lemma suppose that for every a>0 there exists a straight line L which is perpendicular to L, d(p; L)<a and the common part of L and the set (8) includes two distinct points. Then there exist two sequences (3) such that different points p Q and p^ belong to the set (8) , where a = 1/n, and to the straight line Zj q which is perpendicular to L. Hence it would follow that -394 -Differential subspaces of the plane 9 there exists a direction 1 of M at p which is perpendicular to 1. This contradicts (6).
By Lemma 2.1, p is a cluster point of the set M. Thus there exists a sequence p n , n = 1,2,..., of points of M distinct from p tending to p. We may suppose that p Q does not belong to L^, n = 1,2,... . Consider any a > 0. Then there exists n n such that d(p , p}-=a. Hence d(p j L )«=a u n 0 n 0 p and d(p ; L)<a. The straight line L passing through p_ n 0 n 0 and perpendicular to L does not include p, and the common part of L and the set (8) is non-empty. This ends the proof.
Let us take a point p of M satisfying (6). Let a > 0 be any real such that every straight line L perpendicular to L, d(p{ L)<a, intersects the set (8) at one point at most, where L is a straight line satisfying condition (7). Let 1 be a point such that 111 = 1 and L passes through the points p and p+1. Denote by M^ the set of all reals u a for which there exists a real number h p , g (u) such that the point (9) lp f a (u) = p + u 1 + h pj a (u)-l , where 1 is a unit vector perpendicular to 1 , belongs to the set (8) (we do not make a distinction between points and vectors of R^). It is evident that if M^ / 0. then 0 belongs a to and is a cluster point of this set.For any u of, M^ o 3 the number h a (u) is defined uniquely, p, a We have " (u) I a for u e . I p, a i a
We prove the following lemma. 2.J. If a point p satisfies condition (6), then there exists a n > 0 such that every function h " is continuous 0 17 p, a at any point of the set , when 0 <a <a Q . Proof.
Let us assume (6) and assume that there exists a sequence a Q , n = 1,2,..., of positive reals tending to 0 such that for any n there exists a point u, of 
>|un-«n|(l +n 2 ) 1 / 2 >|u;-«J » .
Let us consider the scalar product of the vector 1 by Thus, there would exist a direction l' of M at p which is perpendicular to the direction 1 of the straight line L satisfying (7). The continuity of h^ g at u yields S, a ,a n' rT^^p, a Thus c = c' , which ends the proof. The case where (6) is satisfied at any point p of H plays an important role. As a corollary from 2.1, 2.3 and 2.4-we obtain 2.5. If condition (6) holds for any p of M ; then the following conditions (i) M is dense in itself (ii) For any p of M there exists a real aQ> 0 such that for every a belonging to an open interval (0; a^) the set mE is dense in itself and the function h " is diffed P» a rentiable at anj point of M| } are satisfied.
3. The existence of the derivatives of all orders. In the previous section we proved that if (6) is satisfied at every point of the set M, then M can be described locally by a differentiable function. In the present section we shall prove that this description may be chosen in such a way that derivatives of all orders exist. In fact, the following fundamental lemma holds. where the mapping 1 _ is defined by formula (9). Thus, we p, a get a 1 ^(s, a (u) + a 2 ^h, -
. Prom the definition of 1 and 1 we obtain p, a P P lj(lp f a (u)J = u and l2(l p> a ( u J) = h p> a (u). The function H is of class C°° in the square (-"b; b)x(-b}b). The equality (15) 'implies that the function b. _ has derip j a vatives of all orders in M^flí-C} c) with respect to this a set. This ends the proof. 
